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VISUALIZE GEOMETRIC SERIES
HÙNG VIÊ. T CHU
ABSTRACT. We review some “proofs without words” for the formula for geometric
series and find a common theme lurking behind them. We also answer negatively the
question raised by Edgar on the existence of other proofs similar to Mabry’s and his.
1. INTRODUCTION
The well known formula for geometric series
1 + x+ x2 + x3 · · · = 1
1− x, (1.1)
for any 0 < x < 1, is very useful due to its ability to convert an infinite sum into a
fraction. A common proof of this formula is as follows:
(1− x)(1 + x+ x2 + x3 + · · ·+ xn)
= (1 + x+ x2 + x3 + · · ·+ xn)− (x+ x2 + x3 + x4 + · · ·+ xn+1) = 1− xn+1.
Hence, we have (1− x)(1 + x+ x2 + x3 + · · ·+ xn) = 1− xn+1. Dividing both sides
by 1− x, we arrive at
1 + x+ x2 + x3 + · · ·+ xn = 1− x
n+1
1− x .
Letting n → ∞ and noting that lim
n→∞ x
n+1 = 0 because 0 < x < 1, we have the
desired formula. Though the proof is elegant, it does not give a clear intuition behind
the formula. For this reason, a number of “proofs without words” have been proposed.
The goal of this article is to review proofs without words by various authors, find the
common theme in these proofs, and answer an open question by one of these authors
about the existence of similar proofs.
In 2001, the Viewpoints 2000 Group published Figure 1 to prove (1.1) without words.
In 1999, Mabry [2] published Figure 2 as a visual proof of 1
4
+ (1
4
)2 + (1
4
)3 + · · · = 1
3
.
Though Mabry’s proof is only for a case of (1.1), the proof provides nice intuition
behind the formula. For convenience, we assume that the area of the outmost triangle
is 1. The idea is to find the colored area in two ways. The first way is to find the ratio
of the colored area in each layer, which is 1/3. The second way is to add up the areas
of all colored triangles, which gives 1/4 + (1/4)2 + (1/4)3 + · · · . The two ways must
give the same answer, so we have the desired identity. Continuing the work, in 2016,
Edgar [1] proved that 4
9
+ (4
9
)2 + (4
9
)3 + · · · = 4
5
using Mabry’s technique (see Figure
3). At the end of his proof, Edgar asked: “Is it possible to determine which other series
allow ananalogous proof without words?”. We will show that the answer is negative in
Section 2.
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FIGURE 1. Viewpoints 2000 Group’s proof
layer 1
layer 2
· · ·
FIGURE 2. Mabry’s proof.
FIGURE 3. Edgar’s proof
2. DEMYSTIFY PREVIOUS VISUAL PROOFS
In this section, we analyze the technique used by Mabry and Edgar thoroughly. Un-
derstanding the technique is the key to answering the question posed by Edgar and
allows us to connect it with the proof by the Viewpoints 2000 Group to find a common
theme.
2.1. Backbones of the beautiful proofs by Mabry and Edgar.
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FIGURE 4. Mabry’s and Edgar’s proof in a nutshell
Let n be the total number of triangles in each layer and a be the number of colored
triangles in each layer. Note that 1 ≤ a < n. Also, let r be the ratio of the height of
each layer over the distance from A to the base of that layer. The below analysis uses
Figure 4, which is a sketch of Figures 2 and 3. We assume that△ABC has area 1.
We will compute the colored area, denoted by T , in two ways. Because in each layer,
there are n triangles, a of which are colored, we know that T = a/n. Another way to
compute T is to find the total areas of all colored triangles as follows.
The area of layer 1 is clearly 1− (1− r)2. Hence, each triangle in layer 1 has area
1− (1− r)2
n
,
which is also the ratio of the area of each triangle in layer 1 over the area of △ABC
(because the area of△ABC is 1). Due to similarity, the area of each triangle in layer 2
over the area of△ADE is also
1− (1− r)2
n
.
Since the area of△ADE is (1− r)2, each triangle in layer 2 has area
1− (1− r)2
n
· (1− r)2.
In general, each triangle in layer n has area
1− (1− r)2
n
· (1− r)2(n−1).
Therefore, the total colored area is (recall that in each layer, a triangles are colored)
a · 1− (1− r)
2
n
+ a · 1− (1− r)
2
n
(1− r)2 + a · 1− (1− r)
2
n
(1− r)4 + · · · . (2.1)
As the two ways of computing T must produce the same result, we have
a · 1− (1− r)
2
n
+ a · 1− (1− r)
2
n
(1− r)2 + a · 1− (1− r)
2
n
(1− r)4 + · · · = a
n
.
(2.2)
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We now apply (2.2) to have the two identities proven by Edgar [1] and Mabry [2]. In
Mabry’s proof, we have (n, a, r) = (3, 1, 1/2). Plugging these numbers into (2.2) gives
1
4
+
(
1
4
)2
+
(
1
4
)3
+ · · · = 1
3
.
In Edgar’s proof, we have (n, a, r) = (5, 4, 1/3). Plugging these numbers into (2.2)
gives
4
9
+
(
4
9
)2
+
(
4
9
)3
+ · · · = 4
5
.
2.2. More beautiful pictures? A natural question is whether we can produce more
beautiful pictures like Mabry’s and Edgar’s for other geometric series of the forms
v + v2 + v3 + · · · . (2.3)
The answer is, unfortunately, negative. To show this, we prove two restrictions on r,
which are simultaneously satisfied only when r is 1/2 or 1/3.
Comparing (2.1) and (2.3) shows that the second term of the geometric series is the
square of the first term; hence, we have
a · 1− (1− r)
2
n
(1− r)2 =
(
a · 1− (1− r)
2
n
)2
,
which is equivalent to
(1− r)2
1− (1− r)2 =
a
n
. (2.4)
Because a/n < 1, we know that
0.29 < 1− 1√
2
< r < 1. (2.5)
This is the first restriction on r.
Furthermore, each triangle in layer 1 has area r2, while the area of layer 1 is 1− (1−
r)2. Therefore, to have pictures like Mabry’s and Edgar’s, we need
1− (1− r)2
r2
∈ N,
which implies that
2
r
∈ N. (2.6)
Then the number of triangles in each layer is 2/r − 1, or n = 2/r − 1. Plugging this
back to (2.4), we have
(1− r)2
1− (1− r)2 =
a
2/r − 1 ,
which is simplifed to
a =
1
r2
+ 1− 2
r
.
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Due to (2.6) and a ∈ N, it follows that r = 1/m for some m ∈ N. This is the
second restriction on r. Combining this restriction with (2.5), we know thatm ∈ {2, 3}.
Therefore, we answer negatively the question raised by Edgar [1] on whether there are
more similar “proofs without words” for other series.
3. THE COMMON THEME
At the first glance, the proof by the Viewpoints 2000 Group and the proof by Mabry
are little related. However, there is a common theme lurking behind them. Figure 5 is
obtained by repositioning the Viewpoints 2000 Group’s. For convenience, we substitute
a = 1 and replace r by
√
r.
1
1−√r
1
1−√r
1
1
r
1
2
r
A
B
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FIGURE 5. Repositioning the Viewpoints 2000 Group’s picture
We can now apply the Mabry’s technique to prove the formula for geometric series. The
colored area is clearly 1
2
+ 1
2
r + 1
2
r2 + 1
2
r3 + · · · . On the other hand, in each layer, the
colored area is 1
1+r
1
2
the area of the layer. Hence, the colored area in total is 1
1+r
1
2
the
area of△ABC, which is 1
2(1−r
1
2 )
. Therefore, we have
1
2
+
1
2
r +
1
2
r2 +
1
2
r3 + · · · = 1
1 + r
1
2
· 1
2(1− r 12 ) ,
which is simplified to
1 + r + r2 + r3 + · · · = 1
1− r .
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